Abstract-Numerical methods based on solutions of Maxwell's equations are usually adopted for the electromagnetic characterization of Magnetic Resonance (MR) Radiofrequency (RF) coils. In this context, many different numerical methods can be employed, including time domain methods, e.g., the Finite-Difference Time-Domain (FDTD), and frequency domain methods, e.g., the Finite Element Methods (FEM) and the Method of Moments (MoM). We provide a quantitative comparison of performances and a detailed evaluation of advantages and limitations of the aforementioned methods in the context of RF coil design for MR applications. Specifically, we analyzed three RF coils which are representative of current geometries for clinical applications: a 1.5 T proton surface coil; a 7 T dual tuned surface coil; a 7 T proton volume coil. The numerical simulation results have been compared with measurements, with excellent agreement in almost every case. However, the three methods differ in terms of required computing resources (memory and simulation time) as well as their ability to handle a realistic phantom model. For this reason, this work could provide "a guide to select the most suitable method for each specific research and clinical applications at low and high field".
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INTRODUCTION
Since the emergence of in-vivo Magnetic Resonance Imaging (MRI) and Spectroscopy (MRS) there has been a great interest in predicting and characterizing the electromagnetic behavior of RF coils and their interaction with the sample under investigation.
Several clinical MRI/MRS applications require a careful selection and design of the RF coil, to optimize the RF spatial distribution and sensitivity.
For one or two channel systems the most common solutions are: i) the birdcage coil [1, 2] and the TEM resonator [3] , which have become the standard for volume RF coils; ii) optimized surface RF coils capable of improved performance in reduced field of view [4] [5] [6] .
As frequency increases, RF fields strongly interact with the sample [7, 8] , i.e., the human tissues, making quasi-static approaches no more reliable for electromagnetic characterization. Moreover, the complex interactions between coils and biological sample cannot be solved by using analytical methods: numerical methods based on solutions of Maxwell's equations are mandatory [9] . In this context, many different numerical methods can be employed, including the Finite-Difference Time-Domain (FDTD) [10] [11] [12] [13] , the Finite Element Methods (FEM) [14] [15] [16] and the Method of Moments (MoM) [17] [18] [19] [20] .
FDTD, or its version involving the integral form of Maxwell's equations in time domain, i.e., the Finite Integration Technique (FIT), has been widely used for electromagnetic characterization of low and high field MR RF coils loaded with human-like phantoms. However, when applied to volume coils having multi-mode resonances, it suffers convergence problems. To overcome this difficulty many authors adopted a simplified geometry (without capacitors) driven at the desired RF frequency, according to the appropriate phase and amplitude distribution of line currents [21, 22] . However, this approach cannot take into account the effects of high-order modes, leading to an under-estimation of the Specific Absorption Rate (SAR) [23] . FDTD has also some problems when dealing with structures having small radius of curvature, i.e., the rods or tube legs of volume TEM resonators or birdcage coils.
Conversely, FEM and MoM can mesh accurately the latter structures, but suffer in treating human-like models with high degree of inhomogeneity in terms of dielectric parameters and conductivity.
Concerning memory requirement, FEM methods requires a capacity that scales proportional to the complexity of the geometry, the frequency and the size of the surrounding space (i.e., for electrically small objects the surrounding space has to be very large). On the other hand, in MoM the memory requirement scales proportional to the geometry and the frequency, being the induced currents the unknowns of the problem (source method).
From this brief and preliminary overview, it is possible to point out that each one of the above mentioned numerical techniques permits the electromagnetic characterization of low and high field MR coil, each one having its own advantages and limitations. However, to the best of our knowledge, a quantitative comparison of RF coil simulation performances and a detailed evaluation of advantages and drawbacks is not available, rendering the choice of the simulation method often difficult and, eventually, not optimal.
The present work aims to providing some practical guidelines for choosing the best simulation algorithm depending on the specific problem.
METHODS AND MATERIALS

Numerical Methods: Theory
For time domain numerical simulation we used the FIT [24] , which is implemented in CST (Computer Simulation Technology AG, Germany) MW Studio. The methodology of FIT is similar to the traditional Finite Differential Time Domain (FDTD) [25, 26] . While in FDTD the differential form of Maxwell equations is solved, in FIT the integral form of Maxwell's equations is solved. As in the traditional FDTD, a spatial and a time discretization of the Maxwell's equations are performed.
The FIT allows the simulation of a structure behavior in a wide frequency range in a single run. It allows the simulation of devices with open boundaries or large dimensions. Problems with complex and inhomogeneous structures can be numerically analyzed.
However, memory requirement scales proportional to the geometry, the frequency and the size of the surrounding space used as boundaries for terminating the domain and for simulating the free-space. By using the Perfect Matched Layer (PML) absorbing boundaries [26, 27] , an automatic minimum distance from the structure (which is a fraction of the wavelength) is added. The latter distance used by the CST MW solver is approximately equal to λ/8, where λ is the wavelength at the central frequency of the frequency range chosen for the simulation. For electrically small objects, as most of the RF coils at high field are, the minimum distance is large compared to the size of the RF coil and, as consequence, the computational domain is large.
For frequency domain numerical simulation we used a Method of Moment [26] , implemented in FEKO environment (EM Software & Systems, South Africa) and a Finite Element Method developed in the frequency domain of CST MW Studio. The main numerical effort in MoM analysis is the inversion of a dense matrix. While MoM is indicated for simple and homogeneous loads, e.g., cylinders and spheres, it is not appropriated for stratified or heterogeneous samples. Because the MoM is a source method (i.e., only the structure under test is discretized and no computational domain sampling is required) the computing time is shorter than for a FIT analysis.
In the FEM analysis Maxwell's equation are solved in the frequency domain. A spatial discretization of the computational domain is carried out by creating a tetrahedral grid, choosing the size of the mesh cell equal to λ/10 at least. The main onerous calculation for FEM analysis is the inversion of the matrix: however this matrix is sparse, so the inversion is easier if compared to a MoM analysis.
We thus conclude that FEM and MoM are both suited for the electromagnetic analysis of electrically small objects.
Geometrical Models of the MR Coils and Loads
Two RF surface coils and one volume RF coil have been constructed and analyzed. The first design is a Figure of Eight (Fo8) RF surface coil [5] .
Figure 1(a) shows the Fo8 which has been constructed with copper strips of width 4 mm and thickness 100 µm. We modeled a circular Fo8 coil as reported in [5] having diameter of 10 cm and the gap between the two parallel linear currents elements of 1 cm. The geometry of the Fo8 RF coil is not fully planar: in order to avoid the short circuit between the two arms, a bridge has been built (as shown in the Figure 1 with one parallel capacitor of 120 pF and two series capacitors of 15 pF have been used. Additionally, a dual tuned 1 H/ 31 P RF surface coil for MRI and MRS at 7 T has been developed and tested on the workbench. As shown in Figure 1 (b), the design of the dual tuned RF coil consists of two concentric loops, with radius R 1 = 4.5 cm and R 2 = 3 cm for the outer and the inner loop, respectively. The external loop has been constructed with a copper strip of width 0.5 cm and the internal one with width of 0.25 cm. The strip thickness was equal to 35 µm in both cases. The loops lie on a Duroid substrate of thickness 1 mm. In order to tune the outer loop coil at 298 MHz (the proton resonance frequency at 7 T) and to reduce the intensity of the electric field within the sample, 7 capacitors have been placed in series with the outer loop (C 1-7 = 12 pF and C 3-4 = 10 pF) (see Figure 1 (b)). The matching network for the outer loop comprised a parallel capacitor of C 10 = 0.5 pF and two series capacitors of C 8-9 = 12 pF [28] .
The inner RF loop coil was tuned at 120.64 MHz (the phosphorus resonance frequency at 7 T) by using two capacitors (C 1i = 18 pF and C 3i = 21.6 pF) in series with the loop (Figure 1(b) ). A parallel capacitor C 4i = 120 pF has been used for the matching. In order to decouple the two loops, a first order trap circuit, tuned at 298 MHz with C 2i = 7.2 pF and a L = 39 nH inductance has been placed in series with the inner loop [6] . The gap for the insertion of the capacitors has been chosen equal to 1 mm.
Finally, a TEM RF volume coil has been designed, built and tested for 1 H MRI/MRS at 7 T. The TEM RF coil consists (see Figure 1(c) ) of 16 cylindrical copper legs (diameter of 6 mm; height of 15.8 cm)
surrounded by a cylindrical copper shield (diameter D = 24 cm; height of 15.8 cm). The distance between the shield and the center of the legs is 2 cm. In order to reach the resonance frequency of mode M = 1 of the TEM coil at approximately 298 MHz, a total of 32 capacitors C = 2.1 pF have been placed on the top and bottom end of the coil.
Numerical Models of MR Coils and Loads
We made a preliminary analysis of the coils with and without the presence of the dielectric substrates (FR4, Duroid, Plexiglass) into the geometry. We noticed that the results obtained in the two cases presented an excellent agreement. Thus, since the presence of the substrate produces a longer simulation time, its effect was neglected in all the subsequent numerical analyses.
The time domain analysis of the RF coils with and without the presence of the load has been performed by using FIT. In time domain, we first applied the automatic hexahedral mesh used by the solver which considers the maximum length of mesh cells equal to λ 0 /10 in the free space and equal to λ/10 in the medium having a given permittivity (λ 0 is the wavelength at the central frequency of the frequency sweep used for the simulation).
Because the computational domain obtained for these structures is large, the automatic sampling made by the solver was not fine enough. For this reason, we refined the automatic hexahedral mesh in order to closely fit the geometry of the RF coils. The mesh refinement has been developed in order to fit the geometry of the RF coils in each direction (x, y, z) with three mesh cells at least: in the Fo8 RF coil case we refined the mesh on the rings, the arms and more closely on the profile of the bridge; in the dual-tuned RF coil case we refined the mesh on each loop. The complexity of the geometry made the mesh refinement for the TEM RF coil the most challenging. We performed the mesh in order to fit each leg of the coil and the shield with three mesh cells at least in each direction (x, y, z).
In the case of FEM analysis, first we choose a tetrahedral mesh in order to closely fit the geometry of the RF coils. Afterwards, an automatic adaptive tetrahedral mesh has been performed for each RF coil in order to increase the accuracy of the results.
In the case of MoM analysis the mesh is triangular with a density chosen to closely fit the geometry of the coils. An adaptive meshing has been used for the MoM analysis too, in order to increase the accuracy of the results.
The surface RF coils have been matched and tuned using a cylindrical phantom as load, with electric conductivity σ = 0.686 Ω −1 m −1 and relative permittivity r = 79 selected to simulate the human muscle at 7 T [21] . The cylindrical phantom has a radius equal to 5.5 cm and height equal to 23 cm. This choice allows to directly compare the different simulation schemes, since MoM can hardly manage inhomogeneous loads. The same phantom has been used in all the experiments described here.
For RF coils the simulation must be able to provide the following information: the resonance frequency (i.e., the value of the tuning capacitors), the matching condition (i.e., the value of the capacitors in the matching network), and the distribution of the electric and magnetic fields. The S parameter simulation can be useful in the prototyping stage of the coils, whereas the electromagnetic field simulation is needed both before and after the realization of the coils, for example to evaluate the SAR and the magnetic field B 1 distribution.
Numerical simulations on the CST environment of the Fo8 and dual-tuned RF coils have been performed on an Intel i7 920 with 12 Gb of RAM memory, whereas the TEM RF coil simulation has been performed on an Intel i7 950 with 24 Gb of RAM memory. The MoM simulations of all RF coils have been performed on a Intel i7 980x with 12 Gb of RAM.
RESULTS AND DISCUSSION
Figure of Eight RF Coil
The first simulation refers to the loaded and unloaded Fo8 surface coil for MRI at 1.5 T. The load is displaced by 5 mm from the RF coil plane, as shown in Figure 2(a) .
Regarding the evaluation of tuning and matching conditions, Table 1 shows the difference between the three simulation methods and the experimental results. Figure 2 shows a comparison between the maps of the magnetic and electric RF field obtained by the three simulation methods. It is shown that the simulation methods are all able to provide this kind of information. They all are useful for a posteriori simulation and also in the coil prototyping stage. None of the three methods can claim, in this case, a greater accuracy than the other. The main differences are: the number of mesh cells, the simulation time and the physical memory allocated during the simulation, as shown in Table 1 . The average percentage difference between the maps is less than 1% in all cases, showing a substantial agreement between the results of the three simulation methods.
Dual Tuned RF Coil at 7 T
The second simulated model is a dual tuned 1 H/ 31 P RF coil for 7 Tesla MRI and MRS, in the unloaded and loaded conditions. In this case the geometry is simple but the wavelength is shorter (1 m) if compared to the electrical length of the coil. The load is positioned as shown in Figure 3 . The results are reported in Table 2 .
Regarding the tuning prediction, the agreement between the simulation and the measure is worse than for the Fo8, but it is still very good for most of the applications (within 6%). The time domain simulation gives better frequency prediction. Concerning the matching condition, the frequency domain results are in excellent agreement with the measurements, whereas some residual discrepancy is present for the FIT simulation. The isolation between the channels is predicted almost exactly by the three methods. Again, the main difference for the S parameter simulation is in the required run time and memory. RF magnetic and electric simulated fields are shown in Figure 3 . In the quantitative analysis, the average percentage difference between the field maps is always less than 1%. All the methods are able to highlight the effect of the sample loading at high frequency (as can be inferred comparing Figure 3 left and right panels), which is one of the most important reasons for using a numerical simulation [8] .
TEM Coil at 7 T
The third simulated model is a TEM volume coil for 7 T MRI. From a theoretical point of view, we expect a number of resonances proportional to the number of legs of the TEM coil. Each mode corresponds to a different phase of the RF current in the legs. In particular, for the lowest frequency mode (M = 0) the currents are all with the same phase and amplitude, while for the highest frequency mode (M = 8) the currents are 180 • phase shifted between nearest elements. The remaining modes follow sinusoidal current distributions around the azimuthal angle, with increasing periodicity with the mode order. The mode M = 1 is therefore the fundamental one, corresponding to a sinusoidal current distribution with periodicity 2π and it generates a homogeneous transverse field inside the TEM coil. The M = 1 mode is the only one with a non-zero magnetic field at the center of the coil and this is the useful mode for MRI applications.
The simulation has been performed for the unloaded case only. In this context, the frequencies of the resonant modes and the corresponding E and H field distributions have been investigated. The reason for treating the unloaded case only is that we wanted to compare the capability of different numerical methods in calculating the E and H fields predicted by the theory [3] . Moreover, memory requirements are very demanding and the inclusion of the load will further increase them.
Most of the memory requirement is due to the meshing of tube legs used in the volume resonator under study: using copper strips rather than tube legs will lead to a decrease of memory requirement. The TEM coil simulation could be considered the worst case, being the geometric features of the model very demanding.
The measurement of S 11 has been performed using a very small (0.1 pF) capacitor connected in series with the feeding coaxial cable, so to reduce perturbations due to the feeding itself. This feeding configuration can be reproduced with FEKO but not with CST. Thus, feeding in CST is modeled by connecting the port directly to the coil. In this way it is still possible to evaluate the frequencies of the resonant modes; however, their field distributions will be perturbed by the feeding port itself.
The resonant mode frequencies obtained by using the MoM and the FEM are shown in Table 3 , together with measurements. The FIT simulation showed convergence problems: specifically, some preliminary tests leaded to an S 11 with ripples even after more than 72 hours of simulations, while other preliminary tests failed to achieve condition on energy convergence. However, even if the convergence was not achieved, a good agreement with FEM has been noticed. These problems might be addressed through a mesh refining that should be handled by a more powerful computing resource, i.e., CPU cluster or GPU units.
In all the simulations it is possible to note a shift towards higher frequencies of the resonant modes; this shift can be presumably related to a coarse meshing of the tube legs and to the feed reactance, not properly taken into account by numerical techniques; indeed, this is a common drawback normally encountered in antenna simulations. However, for the two simulations the spacing between modes is in a very good agreement with the measured ones (relative error < 5%). Moreover, it can be noticed that all the simulations are in good agreement between them, despite FEM cannot predict the last mode (M = 8) because of its low amplitude.
Concerning the E and H field simulations, in Figure 4 , the magnetic and electric fields corresponding to the first 3 modes for the MoM and FEM simulations are shown.
The fields predicted by MoM are in qualitative agreement with the analytical theory of the TEM coil [3] . For example, we can notice that for modes M = 0 and M = 2 the magnetic field is zero in the center of the coil, while it is homogeneous and different from zero for the M = 1 mode. Conversely, the results obtained by using FEM differ from the theoretical ones of the TEM coil because of the feeding perturbation. As explained above, it is not possible to add the series capacitors to the feeding port and this perturbes the field distribution. The perturbation of the feeding port can be reduced by calculating the field at a frequency which differs slightly from the resonant one.
As shown in Figure 4 the fields calculated at slightly off the resonant frequency of mode M = 1 are in good agreement with the results predicted through MoM.
Concerning the simulation time, MoM and FEM are almost equivalent, i.e., 13 and 12 hours, respectively.
It is worthwhile pointing out that running all the simulations on GPUs will lead to a strong reduction in simulation time. In case of MoM this is not valid since only the inversion of the matrix (and not the Z matrix filling) is implemented on GPU with FEKO 6.2. Therefore we decided to run all the simulations on CPU, to have a reliable comparison of the simulation times.
CONCLUSIONS
A quantitative comparison of performances and a detailed evaluation of advantages and drawbacks of the MoM, FEM, FIT methods is provided in this paper. Specifically, three coils which can be representative of different situations have been analyzed: a 1.5 T proton surface coil, a 7 T dual tuned surface coil and a 7 T proton volume coil.
Concerning the surface coils, we observed an excellent agreement in the prediction of the conditions of tuning and matching conditions between the measurements and the three numerical methods. More in detail, for the Fo8 coil at 1.5 T the MoM method provided the best agreement whereas for the dual tuned coil at 7 T the best agreement has been obtained by FIT. Concerning the magnetic end electric field maps, the average difference between the methods is less than 1% in all cases, showing an excellent agreement between the results of the MoM, FEM and FIT. All the three methods are able to provide accurate results, and to highlight the effect of the sample at high frequency. However, there are substantial differences in the time length of the simulation and in the amount of memory allocated. The MoM is faster and can be usefully applied when a homogeneous load is considered. The FIT simulation requires much longer time; but, if a inhomogeneous humanoid sample is considered as load, it can be successfully used. We can therefore conclude that, for this geometries, the frequency domain methods, especially MoM, are suitable for simulations performed in the prototyping stage, as they allow a fast computation, whereas the FIT is more suitable for a simulation aimed at evaluating the SAR and magnetic field inside a complex humanoid sample (at the expense of an increased duration of the simulation).
Concerning the volume TEM coil at 7 T, the simulation has been performed for the unloaded case only. The resonant modes frequencies obtained through MoM and FEM are in excellent agreement. In all the simulations it is possible to note a shift towards higher values of the resonant frequencies when compared with measurements. This shift can be presumably related to a relatively coarse meshing of the tube legs. However, for the two methods the spacing between modes is in a very good agreement with the measured one (relative error < 5%), but FEM cannot predict the last mode (M = 8). Concerning the magnetic and electric field maps, the results obtained by using FEM are perturbed by the feeding port itself. The perturbation of the feeding port can be reduced by calculating the field at a frequency which differs slightly from the resonant one. MoM and FEM are almost equivalent in simulation time, i.e., 13 and 12 hours respectively.
In conclusion, the use of a range of simulation methods showed to be a useful tool in the design and testing of RF surface and volume coils for both low and high-field MRI/MRS applications.
